Abstract. It is a well-known open problem since the 1970s whether a finitely generated perfect group can be normally generated by a single element or not. We prove that the topological version of this problem has an affirmative answer as long as we exclude infinite discrete quotients (which is probably a necessary restriction).
Introduction
Let G be a perfect group. Can G be normally generated by a single element? Equivalently: can G be made trivial by adding a single relation? In other words yet: does G contain some element not belonging to any proper normal subgroup? This is well-known to be true when G is finite (see e.g. [4, 4.2] for a stronger fact). For infinite groups, it is a long-standing open problem attributed to J. Wiegold; see [1, FP14] and [5, 5.52] . The group G is assumed to be finitely generated in order to avoid obvious counter-examples (infinite direct sums of perfect groups). It is widely believed to be false: for instance, Lennox and Wiegold conjecture that a free product of n finite groups cannot be normally generated by less than n/2 elements [4] . A completely different potential source of counter-examples is proposed in [6] .
The question can be asked more generally for topological groups G (which we always suppose Hausdorff). Here G is called perfect if it has no non-trivial continuous homomorphism to an abelian topological group, or equivalently if its commutator subgroup is dense. Likewise, it is deemed normally generated by a single element g ∈ G if the smallest closed normal subgroup containing g is G itself.
If G has an infinite discrete quotient group, then the putative counter-examples for abstract groups will of course be a fortiori counter-examples for G itself. Rather surprisingly, the question has a positive answer when we exclude such quotients: Theorem 1. Let G be a compactly generated locally compact group without infinite discrete quotient. If G is perfect, then it is normally generated by a single element.
This result uses structure theory, both classical [3, 7] and very recent [2] .
Remark 2. Compact generation is the replacement for the necessary assumption of finite generation. It remains necessary even when there is no infinite discrete quotient, as shown by an example constructed for us by Y. de Cornulier, see Section 3 below.
Proof of the Theorem
We begin with a few simple facts. It is rather straightforward to go from finite groups to profinite groups: Lemma 3. A perfect profinite group is normally generated by a single element.
Proof. Let G = lim ← − G/G α , be a perfect profinite group, where G α runs over the open normal subgroups of G. Each G/G α is a perfect finite group and thus it is normally generated by a single element. Denote by X α the set of elements of G whose image normally generates G/G α . Thus X α is a non-empty and clopen subset of G. The family of these sets is directed and thus its intersection is non-empty by compactness of G. We claim that any element g in this intersection normally generates G. Indeed, suppose that g is contained in a closed normal subgroup N of G. In a profinite group, every closed subgroup is an intersection of open subgroups. Since moreover open subgroups have finitely many conjugates, we see that N is an intersection of open normal subgroups. By construction, g does not belong to any
We shall repeatedly but tacitly use the following fact: if S is a subset of a topological group G and N ⊳ G is a closed normal subgroup, then the image of S in G/N is dense (if and) only if SN is dense in G. Indeed, the quotient map
Lemma 4. Let G be a perfect topological group, and let N be a closed normal soluble subgroup of G. If G/N is normally generated by a single element, then so is G.
Proof. Let g ∈ G be such that its image in the quotient G/N normally generates it. Let H be the minimal closed normal subgroup of G containing g. Then HN is dense in G. Thus, the canonical homomorphism N → G/H has dense image, which implies that G/H is soluble. Being also perfect, it must be trivial. Thus H = G as needed.
We endow the product of any family of topological groups with the product topology. We recall that all but finitely many factors must be compact if the product is locally compactfor instance, if it appears as a closed subgroup of a locally compact group. In order to use structure theory, we need the following.
Proposition 5. Let G be a perfect topological group. Let H be a closed normal subgroup of G which is the topological direct product of topologically simple topological groups. If G/H is generated by a single element, then so is G.
Proof. Let H = i∈I S i , where S i is a simple topological group for each i in some index set I. We can assume that no S i is abelian by applying Lemma 4 to the product of all abelian factors S i . Let N be any closed normal subgroup of G. We denote by [N, H] the closed subgroup generated by commutators [n, h] with n ∈ N and h ∈ H. Hence [N, H] is a closed normal subgroup of G and thus also of H. Therefore, there is a subset J of I such that [N, H] = i∈J S i . Let Let now g be an element of G whose image in G/H is normally generating. We apply the above argument to the smallest closed normal subgroup N of G containing g. This yields a dense normal subgroup N H = N H 1 in G, with N and H 1 centralizing each other. Choose an element h ∈ H 1 that is non-trivial in each coordinate S i when i ∈ I \ J. Thus the group H 1 is normally generated by h by a standard argument: if L ⊳ H 1 is the minimal closed normal subgroup containing h, then for all i ∈ I \ J, [L, S i ] is a non-trivial closed normal subgroup of S i and hence equals S i . Therefore L contains S i and thus indeed L = H 1 .
We claim that gh normally generates G. Let thus M ⊳ G be the minimal closed normal subgroup containing gh. The image of M in G/N contains ghN = hN . Since the image of H 1 in G/N is dense, we conclude that the image of M is dense too. That is, N M is dense in G. Turning things around, the image of N in G/M is dense and therefore the image of H 1 in G/M is central. Since H 1 is perfect, this image of H 1 is in fact trivial, and thus h ∈ M . It now follows g ∈ M , hence N < M and thus N M = M which finally implies M = G as claimed.
We now prove Theorem 1. Let G be a compactly generated locally compact group without infinite discrete quotients. We begin with some classical structure theory. Because of the solution of Hilbert's fifth problem, there exists a maximal normal compact subgroup K in the identity component G • of G and the quotient G • /K is a connected Lie group; see Lemma 2.2 in [2] . Since K is necessarily unique, it is also characteristic in G. Accordingly, its identity component
is a product of (possibly infinitely many) simple compact Lie groups; see Theorem 9.19 in [3] (recalling that the commutator of a compact connected group is "semisimple" in the terminology of [3] ). Since these simple Lie groups are centre-free, they are topologically simple. In view of Proposition 5, we can therefore assume that [K • , K • ] itself is trivial. Now K • is abelian and can be assumed trivial by Lemma 4. We deduce that K is central in G • since any totally disconnected normal subgroup of a connected group is central; appealing one more time to Lemma 4, we can assume K trivial. In other words, G • is a Lie group. Applying Lemma 4, we can assume that its radical as well as its centre are trivial. Therefore G • is a centre-free semi-simple connected Lie group, and thus a product of topologically simple groups. Proposition 5 shows that we can assume it to be trivial.
The conclusion of these reductions is that we have brought ourselves to the case where G is totally disconnected, and thus classical structure theory will not help us any further.
Let G + denote the discrete residual of G, i.e. the intersection of all open normal subgroups of G. By Theorem F in [2] , G + is a characteristic cocompact subgroup of G and has no nontrivial discrete quotients. In particular, it is contained in every cocompact normal subgroup of G since all compact quotients of G are profinite. By Lemma 3, there exists an element in G/G + that normally generates it. Let gG + be the corresponding coset in G. Thus, no element of gG + is contained in any cocompact normal proper subgroup of G.
Every non-cocompact closed normal subgroup of G is contained in a maximal one, see Proposition 5.2 in [2] . It was proved in [2] that there are only finitely many such maximal non-cocompact closed normal subgroups in G -indeed, use Corollary 5.1 of [2] as in the proof of Theorem A ibidem. We denote them by M 1 , . . . , M k and assume that k ≥ 1 since otherwise G is compact and we are done by Lemma 3. We claim that there are elements in the coset gG + which do not belong to any of the M i . Such elements are therefore not contained in any proper closed normal subgroup of G; that is, any such element normally generates G.
In order to prove the claim, suppose for a contradiction that gG + is contained in the union of all M i . Then gG + ∩ M i has non-empty interior in gG + for some i. Thus G + ∩ g −1 M i has some interior point x relatively to G + . Therefore, the identity is an interior point of
is an open normal subgroup of G + . As G + has no non-trivial discrete quotients we conclude that G + ∩ M i = G + which means G + < M i . This is absurd because G + is cocompact in G but M i is not. This completes the proof of the claim and therefore of Theorem 1.
On compact generation
Yves de Cornulier has kindly allowed us to present his example of a perfect locally compact group G which is not normally generated by a single element although it has no infinite discrete (group) quotient. Assume that F is a finite perfect group with a subgroup K < F such that (i) F is normally generated by K, (ii) F is not normally generated by any single element of K. Let G be the group of sequences in F that are ultimately in K. The "restricted product" locally compact group topology on G is defined by the identity neighbourhood base U n < K N consisting of sequences that are trivial on the first n coordinates. The perfect group F (N) of finitely supported sequences is then dense in G, so that G is perfect. Moreover, condition (ii) ensures that G cannot be normally generated by a single element.
Consider any discrete quotient of G. Its kernel must contain some U n ; being normal, it follows by condition (i) that this quotient is a quotient of F n , thus it is finite.
